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This paper investigates the conditions under which elements of a standard span-
ning set of the Hecke algebra of an induced character of a finite group are units.
General criteria are developed, as well as results that apply to induced linear char-
acters, permutation representations of nilpotent groups, and certain induced repre-
sentations of finite groups of Lie type. © 1999 Academic Press
1. INTRODUCTION
Let H be a subgroup of a finite group G, and let e be an idempotent in
the group algebra H of H over the field  of complex numbers. Let '
be the character of H afforded by the left ideal He. The left ideal Ge
of G is isomorphic to the induced module G⊗H He, and so affords
the induced character 'G of G [2, Proposition 11.21]. The Hecke algebra
corresponding to G and e is defined by
H = HG; e = eGe:
Clearly H is an associative algebra with identity e. Moreover, H is semisim-
ple (see [2, 5.13 and 5.18]). The mapping that associates to each a ∈ H
the mapping aR: Ge → Ge defined by aRx = xa is an isomorphism
from H onto the algebra EndGGeop [2, Lemma 3.19]. Thus an under-
standing of the structure of the Hecke algebra leads to information about
the irreducible constituents of 'G. For example, the dimensions of the ir-
reducible representations of H coincide with the multiplicities with which
the irreducible constituents appear in 'G [2, Proposition 11.25].
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Clearly the elements ege for g ∈ G form a spanning set for H . The ques-
tion explored here is whether, or under what conditions, the elements ege
are units in H . Results are obtained in several directions. In Section 2 sev-
eral general results are proved, including a ring-theoretic characterization
(Theorem 2.2), and a special case that applies when ' is a linear character
of H (Corollary 2.4). In Section 3 the case of a permutation representation
of a finite nilpotent group is considered. In Section 4 it is shown that ege is
a unit whenever ege 6= 0 in the case of an induced cuspidal representation
of a finite group of Lie type (Theorem 4.1). An application and an open
problem appear in Section 5.
The following notation and terminology will be used throughout this pa-
per. The set of irreducible complex characters of G is denoted IrrG. If
' ∈ IrrH, then the primitive central idempotent of H corresponding to
' is
e' =
'1
H
X
h∈H
'h−1h:
If ' is the principal character 1H of H, then the notation eH will be used
instead of e1H . The identity element of a group will be denoted 1; the
notations e; eH; : : : will be used exclusively for idempotents. The usual
inner product of two characters ;  of G is denoted ; G.
The author is indebted to the referee for several helpful suggestions.
2. BASIC RESULTS
Certainly a necessary condition for ege to be a unit in H is that ege 6= 0.
In the case of an induced linear character, there is a character-theoretic
nonvanishing criterion for ege, which we state here for future reference.
Proposition 2.1 (see [2, Proposition 11.30]). Let  be a linear character
of a subgroup H of a finite group G, and let g ∈ G. Then ege 6= 0 if and
only if the restrictions of  and g to H ∩ gH are equal, where gH = gHg−1
and ggh = h.
The condition ege 6= 0 is not sufficient in general to ensure that ege is
a unit (see Example 2.5 or Theorem 3.1). Our first result is the following
ring-theoretic criterion.
Theorem 2.2. Let H be a subgroup of a finite group G, and let e be
an idempotent in H. Let g be an element of G. Then the following are
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equivalent:
(i) ege is a unit in H = HG; e;
(ii) Ge ∩ G1− geg−1 = 0;
(iii) Ge+G1− geg−1 = G.
Proof. Suppose ege is a unit in H . Assume that  is an element of Ge∩
G1 − geg−1. Then  = e and geg−1 = 0, so ege = 0, and hence
 = e = 0 since egeee = e for some  ∈ G. Thus (i) implies (ii).
Since dim Ge = dim Ggeg−1 and G is the direct sum of the sub-
spaces Ggeg−1 and G1− geg−1, (iii) follows from (ii).
Finally, to see that (iii) implies (i), suppose e + 1 − geg−1 = 1,
where ;  ∈ G. Then egeg−1 = geg−1, so g−1ege = e, so
eg−1eege = e, and hence ege is a unit in H .
Since the conditions in parts (ii) and (iii) of the theorem depend on the
conjugate idempotent geg−1 rather than the element g, the following holds.
Corollary 2.3. If x and y are elements of G such that xex−1 = yey−1,
then exe is a unit in H if and only if eye is a unit in H .
In the case of a linear character, we have the following.
Corollary 2.4. Let  be a linear character of a subgroup H of a finite
group G, and let g ∈ G. Then ege is a unit in H = HG; e if and only if
the only function : G→  satisfying
(i) xh = h−1x for all x ∈ G, h ∈ H, and
(ii)
P
h∈H xghg−1h = 0 for all x ∈ G
is the constant zero function.
Proof. Suppose b ∈ G. Then b ∈ Ge if and only if b1− e = 0.
Expressing b in the form b = Px∈G xx with x ∈ , we haveb1− e = 0 if and only if
x = 1H
X
t∈H
xtt for all x ∈ G: ∗
If (∗) holds, then for all x ∈ G, h ∈ H,
xh = 1H
X
t∈H
xhtt = 1H
X
u∈H
xuh−1u = h−1x;
so (i) of the theorem holds. Conversely, if (i) holds, then clearly (∗) also
holds, so b1− e = 0. Therefore condition (i) is equivalent to b ∈ Ge.
Also, b ∈ G1− geg−1 if and only if bgeg−1 = 0, which is equivalent
to (ii).
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If  = 1H , then Corollary 2.4 has the following simple interpretation. If
g ∈ G, then eHgeH is a unit in H = HG; eH if and only if there is no
nonzero complex-valued function on G that is constant on the left cosets
of H and has average value 0 on the left cosets of gH. (If G is nilpotent,
then a simpler criterion applies: see Theorem 3.1.)
As an application of Corollary 2.4, we consider the case H = 2.
Example 2.5. Suppose H = , where  is an involution in a finite
group G. Assume g ∈ G, and put  = gg−1. Let D = ; , so D is a
dihedral group of order 2n, where n is the order of . Let e = 12 1+ ",
where " = ±1. We claim that ege is a unit in H = HG; e if and only if n
is odd. To see this, first suppose ege is not a unit. Then by the corollary,
there is some nonzero : G→  satisfying
x = "x and x = −"x
for all x ∈ G. Let x0 be some element of G such that x0 6= 0. Define
: D→  by h = x0h=x0: Then 1 = 1, and  satisfies
y = "y and y = −"y
for all y ∈ D, so  is a linear character of D. Also,  and  are not conjugate
in D because  6= , and thus n is even.
Conversely, if n is even, then there is some linear character  of D
such that  6= . Define : G→  by
x =
(
x if x ∈ D;
0 if x =∈ D:
Then  satisfies conditions (i) and (ii) of Corollary 2.4, and hence ege is
not a unit in H .
The following result will be used in the proof of Theorem 5.1.
Theorem 2.6. Let H be a subgroup of a finite group G and let e be a
primitive idempotent in H corresponding to ' ∈ IrrH. Suppose ege is a
unit in H = HH; e, where g ∈ G, and suppose  ∈ IrrG appears with
multiplicity 1 in 'G. Then ge 6= 0. (Here  is viewed as a character of G
by linear extension.)
Proof. Since ;'GG = 1, the restriction of  to H is an irreducible
character  = H of H of degree 1 [2, Proposition 11.21]. Since ege is
a unit in H , it follows that  ege 6= 0. Therefore ge = ege =
 ege 6= 0 since  is a central function on G.
A character  of G is said to be multiplicity-free if ;G ∈ 0; 1 for all
 ∈ IrrG.
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Corollary 2.7. Suppose G, H, e, ' are as in the theorem, and suppose
further that 'G is multiplicity-free. Then for all g ∈ G, ege is a unit in H if
and only if ge 6= 0 for all irreducible constituents  of 'G.
Proof. Suppose ege is a unit in H . Since 'G is multiplicity-free, we have
ge 6= 0 for all irreducible constituents  of 'G by the theorem.
Conversely, suppose ge 6= 0 for all irreducible constituents  of 'G.
For  an irreducible character of H , let " be the associated primitive cen-
tral idempotent of H . Since 'G is multiplicity-free, H is commutative, and
therefore each Wedderburn component H" =  " is one dimensional.
Also, ege" =  ege" is the projection of ege onto H" . For each irre-
ducible character  of H , there is some irreducible constituent  of 'G such
that  = H [2, Theorem 11.25], and so  ege = ege = ge 6= 0. It
follows that ege is a unit in H .
We conclude this section by considering the extreme case H = G, with
e ∈ G a primitive idempotent such that Ge affords  ∈ IrrG. In this
case H = eGe = e is one dimensional by Schur’s Lemma [2, 3.17]. In
particular, ege is a unit in H if and only if ege 6= 0. However, if  is
not linear, then there is no purely character-theoretic criterion similar to
Proposition 2.1 that determines when ege 6= 0, as is shown by the following
two theorems.
Recall that for  ∈ IrrG, Z = x ∈ G  x = 1 is the normal
subgroup of G consisting of the elements of G that act as scalars in a
representation affording  [6, Lemma 2.27].
Theorem 2.8. If G is a finite group,  ∈ IrrG, and g ∈ G\Z, then
there is some primitive idempotent e in G corresponding to  such that
ege = 0.
Proof. Let V be a G-module affording . Since g does not act as a
scalar transformation on V , there is some v ∈ V such that gv 6∈ spanv.
Let v1 = v; v2 = gv; v3; : : : ; vn be a basis for V . For 1 ≤ j ≤ n, there is
a unique primitive idempotent ej ∈ Ge such that ej acts on V as the
projection onto spanvj; that is, ejvk = jkvj . Thus e1ge1 acts as 0 on V ,
and therefore e1ge1 = 0 since e1ge1 ∈ Ge.
The following corollary is an immediate consequence of the theorem
since the center ZG of G is the intersection of the subgroups Z for
 ∈ IrrG [6, Corollary 2.28].
Corollary 2.9. Assume G is a finite group and g ∈ G\ZG. Then there
is some nonlinear irreducible character  of G and some primitive idempotent
e corresponding to  such that ege = 0.
Of course, if g ∈ ZG, then ege = ge = eg is a unit in HG; e with
inverse eg−1e, so Corollary 2.9 does not extend to arbitrary g ∈ G.
422 dean alvis
Theorem 2.10. If G is a finite group and  ∈ IrrG, then there is some
primitive idempotent e of G affording  such that ege is a unit in H =
HG; e for all g ∈ G.
Proof. Let V be an irreducible G-module affording , and let v1;
v2; : : : ; vn be some basis for V . Let : G→ GLn; be the corresponding
matrix representation, so gvj =
P
i gijvi. For each g ∈ G, denote by Wg
the collection of all 1; 2; : : : ; n ∈ n such that
P
j jg1j = 0. Each
Wg is a hyperplane in n, so is nowhere dense in n, and hence the finite
union
S
g∈G Wg is nowhere dense in n. Therefore n\
S
g∈G Wg contains
some element with nonzero first coordinate, and hence also contains some
element of the form 1; 2; : : : ; n. Put w1 = v1 + 2v2 + · · · + nvn and
wj = vj for 2 ≤ j ≤ n. Let ej be the primitive idempotent in Ge that
induces the projection of V onto spanwj with respect to the basis w1;
w2; : : : ; wn; that is, ejwk = jkwj . Then e1ge1 is nonzero for each g ∈ G
since the matrix representing g with respect to the basis w1; w2; : : : ; wn has
1; 1-entry
g11 + 2g12 + · · · + ng1n 6= 0:
Therefore e1ge1 is a unit in H for all g ∈ G.
3. PERMUTATION REPRESENTATIONS OF FINITE
NILPOTENT GROUPS
The goal of this section is to prove the following.
Theorem 3.1. Let H be a subgroup of a finite nilpotent group G, and let
g ∈ G. Then eHgeH is a unit in H = HG; eH if and only if g ∈ NGH.
We require the following result.
Lemma 3.2. Suppose H is a subgroup of a finite group G and g ∈ G.
Suppose further that  is a linear character of H and K is a normal subgroup
of G contained in ker . Put G¯ = G=K, H¯ = H=K, g¯ = gK, and let ¯ be
the linear character of H¯ that lifts to  via the natural projection mapping
H → H¯. Then ege is a unit in H = HG; e if and only if e¯ g¯ e¯ is a unit
in H¯ = HG¯; e¯.
Proof. Suppose ege is a unit in H . The image of e under the natural
projection mapping G→ G¯ is the idempotent e¯ corresponding to ¯. It
follows that e¯g¯e¯ is a unit in H¯ = HG¯; e¯.
Conversely, suppose ege is not a unit in H . Then by Corollary 2.4 there
is some nonzero function : G→  such that
xh = h−1x
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for all x ∈ G and h ∈ H andX
h∈H
xghg−1h = 0
for all x ∈ G. Since K ⊆ ker ,  is constant on the cosets of K, and hence
 determines a nonzero function ¯: G¯→  satisfying ¯x¯ = x, where
x¯ = xK. Then
¯xh = xh = h−1x = ¯(h¯−1¯x¯
for all x¯ ∈ G¯ and h¯ ∈ H¯, andX
h¯∈H¯
¯
(
xghg−1

¯
(
h¯
 = 1K X
h∈H
xghg−1h = 0
for all x¯ ∈ G¯. Therefore e¯g¯e¯ is not a unit in H¯ by Corollary 2.4.
Proof of Theorem 3.1. If g ∈ NGH, then clearly eHgeH = eHg = geH
is a unit in H with inverse eHg−1eH = eHg−1 = g−1eH .
Conversely, suppose eHgeH is a unit in H . Put Z = ZG, so Z 6= 1
since G is nilpotent. We consider two cases.
Case 1. H ∩Z 6= 1. In this case Lemma 3.2 can be applied with K =
H ∩Z to show eH¯ g¯ eH¯ is a unit in H = HG¯; eH¯, where G¯ = G=K, H¯ =
H=K, g¯ = gK. Since G¯ < G, we can assume g¯ ∈ NG¯H¯, so g ∈ NGH
and the proof is complete in this case.
Case 2. H ∩Z = 1. By assumption, there is some  ∈ G such that
eHgeHeHeH = eH . Multiplying by eZ gives eHZgeHZeHZeHZ =
eHZ , and hence eHZgeHZ is a unit in HG; eHZ. Since G x HZ < G x H,
we can assume that g ∈ NGHZ. Since HZ is the direct product of H and
Z, there are unique homomorphisms : H → H and : H → Z such that
gh = hh for all h ∈ H. Then
eHgh = eHghg = eHhhg = eHhg
for all h ∈ H, and thus
eHgeH =
1
H
X
h∈H
eHhg =
1
 kereHeHg =
1
 kereHeHg:
In particular, zeHgeH=eHgeH for all z∈H, and since eHgeHeHeH
= eH , it follows that zeH = eH for all z ∈ H. Therefore H ≤ H ∩
Z = 1, so g ∈ NGH, as required.
The conclusion of Theorem 3.1 does not hold for arbitrary finite groups
G. For example, if G = S3 and H = 12, then eHgeH is a unit in
HG; eH for all g ∈ G by Example 2.5. However, we have the following
result.
424 dean alvis
Theorem 3.3. Assume H is a subgroup of a finite group G, g ∈ G, and
H 6= gH ≤ NGH. Then eHgeH is not a unit in H = HG; eH.
Proof. Put K = gHH. Then H G K, so eH is central in K, and
eHgeHg
−1 = eHegHg−1 = eK, and so eHgeH = eKg. Suppose eHgeH is a
unit in H : say eHgeHeHeH = eH with  ∈ G. Then eKgeH = eH ,
and so xeH = eH for all x ∈ K. It follows that K ≤ H, contradicting the
assumption that H 6= gH.
4. CASES INVOLVING FINITE GROUPS OF LIE TYPE
Hecke algebras have been used extensively in the representation theory
of finite groups of Lie type. In one direction, Hecke algebras were applied
to determine the decomposition of induced cuspidal representations. This
work began with the principal series representations and culminated with
the treatment of the general case by Howlett and Lehrer in [5]. In another
direction, Hecke algebras also played a role in the analysis of the Gelfand–
Graev characters, which are induced from nondegenerate linear characters
of the unipotent radical of a Borel subgroup. A central result in this context
is that the Hecke algebra is commutative, and hence the Gelfand–Graev
character is multiplicity-free. More information on these applications can
be found in [3, 1].
Using results from [5], we obtain the following.
Theorem 4.1. Let G be a connected, reductive algebraic group defined
over a finite field with Frobenius mapping F : G → G. Suppose P is an F-
stable parabolic subgroup with unipotent radical V and F-stable Levi factor
L. Let ' be an irreducible cuspidal character of L = LF , and let '˜ be the lift
of ' to P = PF with V = V F in the kernel. Let e be a primitive idempotent
in L corresponding to ', and put e˜ = eeV , so Pe˜ affords '˜. Then for any
g in G = GF , if e˜ge˜ 6= 0, then e˜ge˜ is a unit in H = HG; e˜.
Proof. The group G has a split BN-pair with B = BF and N = NGT F ,
where B is an F-stable Borel subgroup of G and T is an F-stable maxi-
mal torus contained in B. The (relative) Weyl group of G is W = W F ∼=
NGT F=TF , where W = NGT =T is the Weyl group of G. Let 8 be
the (relative) root system of G, with sets of positive and simple roots 8+
and 1, respectively. Let U be the root subgroup of G associated with
 ∈ 8. The standard parabolic subgroup of G corresponding to a subset
J of 1 has Levi decomposition PJ = LJVJ , where LJ = T;U   ∈ 8J
and VJ = U   ∈ 8+\8+J . Replacing P by a conjugate and L by a P-
conjugate if necessary, we can assume P = PJ , L = LJ , and V = VJ for
some J ⊆ 1.
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Now, define
WJ;J =

x ∈ W xJ ∪ x−1J ⊆ 8+}:
Then WJ;J is a set of double coset representatives for PJ in G, and hence
H is the direct sum of the subspaces e˜LJw˙LJe˜ for w ∈ WJ;J , where w˙
represents w in N. Define
CJ =

x ∈ WJ;J  xJ = J
}
and CJ;' =

x ∈ CJ  x˙' = '
}
:
(The second definition is meaningful since w˙ ∈ NGLJ whenever w ∈ CJ .)
We have
dim H = dim EndGGe˜ =
〈
'˜G; '˜G

G
= CJ;'
(see [1, Proposition 9.2.4]). Therefore, if e˜w˙LJe˜ 6= 0 for all w ∈ CJ;',
then it follows that dim e˜w˙LJe˜ = 1 for all w ∈ CJ;' and e˜LJx˙LJe˜ =
0 for all x ∈ WJ;J\CJ;'. Hence the proof of the theorem will be complete
if it can be shown that e˜w˙LJe˜ contains a unit of H for all w ∈ CJ;'.
In [5], Howlett and Lehrer analyzed the induced module G⊗PJPJe˜ ∼=
Ge˜ in an equivalent form, which we now describe. For a LJ-module M,
let M˜ be the extension of M to a PJ-module on which VJ acts trivially. Let
FM denote the set of all functions f : G→ M˜ such that f xg = xf g
for all x ∈ PJ . Then FM is a G-module with respect to the G-action
given by gf x = f xg. If M = LJe, then the mapping 9: FLJe →
Ge˜ defined by
9f  = 1PJ 
X
g∈G
g−1f geVJ
is an isomorphism of G-modules (see [1, Proposition 10.1.1]). If w ∈ CJ
and M is a LJ-module, then the conjugate LJ-module w˙M is defined
as follows. As a vector space, w˙M = M; the notation w˙m will be used
when m ∈ M is to be interpreted as an element of the module w˙M.
The LJ-action on w˙M is given by `w˙m = w˙w˙−1`w˙m. The mapping
2w˙: FM → Fw˙M defined by
2w˙f g =
1
VJ 
X
v∈VJ
w˙f
(
w˙−1vg

is a homomorphism of G-modules [5, Lemma 3.11 (i)]. If w ∈ CJ;' and
M = LJe, then 2w˙ is an isomorphism [5, Corollary 3.17].
For w ∈ CJ , the mapping w: w˙LJe → LJw˙e defined by ww˙a =
w˙a = w˙aw˙−1 is an isomorphism of LJ-modules, and so induces an isomor-
phism
w∗: F
(w˙LJe→ F(LJw˙e
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defined by w∗f  = w ◦ f . Further, if w ∈ CJ;', then dim w˙eLJe = 1,
and hence there is some w ∈ w˙eLJe such that w 6= 0. The right mul-
tiplication mapping wR: LJw˙e → LJe defined by wRb = bw
is an isomorphism of LJ-modules, and so induces an isomorphism
w∗: FLJw˙e → FLJe that sends f to wR ◦ f . Define Dw˙ =
w∗ ◦ w∗: Fw˙LJe → FLJe. Finally, define f0 ∈ FLJe by
f0g =
(
`e if g = `u; ` ∈ LJ; u ∈ VJ y
0 otherwise.
Then 9f0 = eeVJ = e˜. Thus for all w ∈ CJ;', the image of e˜ under the
automorphism 9 ◦Dw˙ ◦2w˙ ◦9−1 of Ge˜ is equal to
PJ −1
X
g∈G
g−1Dw˙2w˙f0geVJ
= PJ −1VJ −1
X
g∈G
X
v∈VJ
g−1 w˙f0w˙−1vgweVJ
= PJ −1VJ −1
X
`∈LJ
X
u; v∈VJ
u−1`−1w˙−1vw˙f0`uw˙−1weVJ
= PJ −1
X
`∈LJ
X
u∈VJ
u−1ew˙−1weVJ ;
where the last step is justified since eVJ is central in PJ and veVJ = eVJ for
all v ∈ VJ . Therefore
9 ◦Dw˙ ◦2w˙ ◦9−1e˜ = VJ −1
X
u∈VJ
u−1ew˙−1weVJ
= eVJ ew˙−1weeVJ
= e˜w˙−1we˜
since w = we. Hence the automorphism 9 ◦Dw˙ ◦2w˙ ◦9−1 of Ge˜ co-
incides with right multiplication by the element e˜w˙−1we˜: that is, the fol-
lowing diagram commutes.
FLJe FLJe
Ge˜ Ge˜
Dw˙ ◦2w˙
9 9
e˜w˙−1we˜R
Therefore e˜w˙−1LJe˜ contains a unit of H whenever w ∈ CJ;', and the
proof of the theorem is complete.
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Remark. Although the theorem shows that e˜ge˜ is a unit whenever e˜ge˜ 6=
0, the set of g for which e˜ge˜ 6= 0 depends on the choice of the primitive
idempotent e representing ' (assuming ' is nonlinear). For example, con-
sider the case w˙ = 1. If ` ∈ LJ\Z', then according to Theorem 2.8 it
is possible to choose e1 affording ' so that e1`e1 = 0, and it follows that
e˜1`e˜1 = 0. On the other hand, by Theorem 2.10 it is also possible to choose
e2 affording ' so that e2`e2 6= 0, and hence e˜2`e˜2 = eVJ e2`e2 6= 0 since eVJ
is central in PJ .
The conclusion of Theorem 4.1 can fail in the case of the Hecke algebra
corresponding to the Gelfand–Graev representation, as the next example
shows.
Example 4.2. Let G = GL2; 3, let U be the subgroup of upper trian-
gular matrices with diagonal entries 1, and let  6= 1H be a linear character
of U . Then 0 = G is the Gelfand–Graev character of G and H = HG; e
is commutative (see [7 or 1]. Let T be the diagonal subgroup of G, and
let  be a linear character of T in general position. The lift ˜ of  to
B = TU induces to the irreducible character ˜G of degree 4, which is
a constituent of 0 by the Intertwining Number Theorem [2, 10.24]. Let
w˙ =

0 1
1 0

. Then U ∩ w˙U = 1, and hence ew˙e 6= 0 by Proposition 2.1.
However, ˜Gw˙u = 0 for all u ∈ U since ˜G vanishes off of SL2; 3, and
hence ew˙e is not a unit in H by Corollary 2.7.
5. CONCLUDING REMARKS
We conclude by giving an application and stating an open problem. Let G
be a group of permutations on  =  1; 2; : : : ; n , and let V be a complex
vector space with basis  v1; v2; : : : ; vm , where m ≥ 2. Put
V ⊗n =
n factorsz }| {
V ⊗ V ⊗ · · · ⊗ V :
Then G acts on V ⊗n by permuting factors:
u1 ⊗ u2 ⊗ · · · ⊗ un = u−11 ⊗ u−12 ⊗ · · · ⊗ u−1n
for all  ∈ G. Let 0 be the set of all n-tuples  = 1; : : : ; n with j ∈
1; 2; : : : ;m. Then G acts on 0 by permuting entries:
1; : : : ; n =
(
−11; : : : ; −1n

:
For  ∈ 0, put v = v1 ⊗ · · · ⊗ vn . Then v   ∈ 0 is a basis for V ⊗n,
and v = v for  ∈ G,  ∈ 0.
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Equip V with the inner product such that  v1; v2; : : : ; vm  is an or-
thonormal basis. Equip V ⊗n with the induced inner product, so v   ∈ 0
is an orthonormal basis and G acts as a group of unitary transformations
on V ⊗n. For  ∈ IrrG and  ∈ 0, put
v = e¯v =
1
G
X
∈G
 v:
The vectors v are called standard symmetrized tensors in [4]. Following [4],
we say a subspace W of V ⊗n has an o-basis if W has an orthogonal basis
consisting of standard symmetrized tensors. We have e¯v;w = v; e¯w
for all  ∈ IrrG, and all v;w ∈ V ⊗n. It follows that v and v are orthog-
onal for distinct ;  ∈ IrrG. Also, v and v are orthogonal if ,  are
in different G-orbits on 0. Thus V ⊗n itself will have an o-basis if and only
if all of the nonzero subspaces of the form
V  = span

v   ∈ G
}
have o-bases. Now, if  =  for  ∈ G, then the inner product of v and
v

 is equal to(
e¯v; e¯v
 = (v; e¯v = 1G X
∈G
−1v; v =
1
G
X
∈G
;
where G =  ∈ G   = . Therefore
v; v =
1
G x G
eG:
In particular, if there is some  ∈ IrrG and  ∈ 0 such that dim V  ≥ 2
and eG 6= 0 for all  ∈ G, then V

 , and so also V ⊗n, will fail to have
an o-basis. Observe V  = e¯V , where V = spanv   ∈ G. Since V
affords the permutation character 1GG , we have
dim V  = 1; 1GG :
Holmes has shown in [4] that V ⊗n fails to have an o-basis whenever n ≥ 3
and G is 2-transitive. In particular, V ⊗n fails to have an o-basis when G is
one of the simple groups An, n ≥ 5. We prove a similar assertion for every
finite simple group of Lie type.
Theorem 5.1. Let G be a finite simple group of Lie type with Borel sub-
group B, and put n = G x B. Identify G with a subgroup of Sn via the natural
action of G on G=B. If V ⊗n is as above, then V ⊗n does not have an o-basis.
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Proof. LetG=B = X1; : : : ;Xn with X1 = B. Let V , 0 be as above, and
put  = 1; 2; 2; : : : ; 2 ∈ 0. Then G = B, and so V = spanv   ∈ G
affords the permutation representation of G acting on G=B. Let StG be the
Steinberg character of G. It is known that StG appears with multiplicity 1 in
1BG [3, Theorem 67.10], and thus dim V
StG
 = StG1 = Gp ≥ 2, where p
is the characteristic of G. Also, StGeB 6= 0 for all  ∈ G by Theorem 4.1
and Theorem 2.6. It follows that V ⊗n does not have an o-basis, as claimed.
Remark. Much more is known about the values StGeB in the context
of the last proof. Let B = TU be the Levi decomposition of B, and let W
be the Weyl group of G. For w ∈ W , let w˙ represent w in N = NGT . If
 ∈ Bw˙B, then
StGeB = StGeBeB = StGeBw˙eB =
−1`w
B x B ∩ wB ;
where ` is the length function on W . See Section 67 of [3] for a detailed
discussion of the Steinberg character and the Hecke algebra HG; eB.
We conclude by stating an open problem.
Problem 5.2. Let  be a linear character of a subgroup H of a finite
nilpotent group G, and let g ∈ G. Is there a group-theoretic or character-
theoretic condition on the pair g;  that determines when ege is a unit?
In other words, can Theorem 3.1 be generalized to arbitrary linear char-
acters of subgroups of finite nilpotent groups? Consider the following two
conditions on the pair g; .
(1) g ∈ NGker 
(2) g ∈ NGH = z ∈ NGH  z = .
Observe that both of these conditions are equivalent to g ∈ NGH in
the case  = 1H . However, the next example shows that neither of these
conditions characterizes when ege is a unit.
Example 5.3. Let G be the generalized quaternion group of order 16,
with generators x and y satisfying x8 = y4 = 1, yxy−1 = x−1, x4 = y2.
Let H = y, and let  be a faithful linear character of H. Then x2 ∈
NGker  = G, so (1) holds with g = x2, but ex2e = 0 by Proposition 2.1
since x2 normalizes H and x
2
 6= . Also, G = 1 +2, where 1 6= 2 are
the irrational irreducible characters of G of degree 2. Thus ege is a unit
in H if and only if jge 6= 0 for j = 1; 2 by Corollary 2.7. In particular,
since j vanishes off of x we have
jxe = 14jx − 14jxy2 = ± 12
√
2 6= 0
for j = 1; 2, and hence exe is a unit in H . However (2) does not hold
with g = x since x =∈ NGH.
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